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Regression

Feature scaling - Linear regression

Standardization (Z-score Normalization)

Let D = {(x;,yi) € X x Y CRP x R}, be a training data.
Given the regression model:

Vi=Bo+B"xi+e <= y=10+XB+¢€

yi 1 x11 xi2 -+ xip| [Bo €1

y2 1 X1 x2 -+ x| |51 €2
= |+

Yn 1 X1 Xm2 - Xnp Bp €n

However, we want fit the following regression model
~“ T ~
Vi=PBo+ B Xi+e
with the normalized data N = (¥, %)/
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Regression

Feature scaling - Linear regression

Standardization (Z-score Normalization)

Applying the standardization (z-score)

n
. Xjj — X _ 1 1 —\2
fj=——L X=o) ok oy =D (% — %)
i=1

Ox;

Jj i=1
n 0 X1 X2 -+ Xip| | Do
V2 0 %1 X2 -+ Xop| |1
)7n 0 )?nl )?n2 te )?np BP
The optimal solution of the previous regression model is: 3 = {f;,... ,BP}T

How do we obtain the prediction of a new instance (not normalized)

Xn+1 :7> Yn+1
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Regression

Feature scaling - Linear regression

Standardization (Z-score Normalization)

Thus, the fitted model with the optimal solution is:

~T
yn—i—l - /6 Xn+1

Yn+1_)7_BT Xpt1 — X
O'y O x
~T -
= Xp+1 — X —
Yny1 =0 < *0y+Yy
O x
= _ N _ 1 n v Vi
where x = {X1,...,Xp}, Ox = {0x,---,0x,}, and oy = - > 11 (vi = ¥))
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Regression

Prédicteurs centrées et réduites

Code in R
_ AT

Yi=PB"Xi+¢
1 set.seed(36)
2 rm(list = Is())
3
4 # reading data
5 data <— read.table('data/TP4_al9_reg_app.txt’)
6 idx.train <— sample(nrow(data), size=nrow(data)*0.9, replace=F)
7 validation <— data[—idx.train ,]
8 training <— data[idx.train ]
9
10 # modeling with Im
11 features <— paste("+ scale(”, names(training)[—101], ")", sep="", collapse
12 formule <— paste("y ~ 1 ", features)
13 model. fit <— Im(as.formula(formule), data=training)
14

15 # prediction
16 ypredi <— predict.Im(model.fit, newdata=validation)
17 mean((validation$y —ypredi)"2) # MSE = 727.1163
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Prédicteurs et réponses centrées et réduites

Code in R
~ BT
Vi=B"Xi+ €
set.seed (36)
rm(list = Is())
# reading data
data <— read.table('data/TP4_al9_reg_app.txt')
idx.train <— sample(nrow(data), size=nrow(data)*0.9, replace=F)
validation <— data[—idx.train ,]
training <— data[idx.train ,]
# modeling with Im
features <— paste("+ scale(”, names(training)[—101], ")", sep="", collapse

formule <— paste(”"scale(y) ~ —1 ", features)

model. fit <— Im(as.formula(formule), data=training)
y.mean <— mean(training[, 101])

y.sd <— sd(training[, 101])

# prediction

ypredi <— predict.Im(model.fit, newdata=validation)
ypredi <— y.sdxypredi + y.mean

mean((validation$y — ypredi)"2) # MSE = 727.1163
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Code in R

1 # reading data

2 data <— read.table('data/TP4_al9_reg_app.txt')

3 idx.train <— sample(nrow(data), size=nrow(data)*0.9, replace=F)
4 validation <— data[idx.train ]

5 training <— data[—idx.train ]
6
7
8

# scaled data
train.scaled <— scale(training)
9 X <— as.matrix(train.scaled[, —101])
10 y <— train.scaled[, 101]
11 beta.scaled <— solve (t(X)%*%X)%+%t (X)%*%y
12 x.means <— as.vector(attr(train.scaled,h”scaled:center”))[—101]

13 x.scale <— as.vector(attr(train.scaled,”scaled:scale”))[—101]

14 y.mean <— as.vector(attr(train.scaled "scaled:center”))[101]

15 y.scale <— as.vector(attr(train.scaled,b”scaled:scale”))[101]

16

17 # prediction

18 x.mean.train <— matrix(rep(x.means, nrow(validation)), ncol=100, byrow = T)
19 Xtilde <— y.scalex(validation[, 7101]7x.mean.train)

20 ypredi <— t(apply(Xtilde, 1, "/", x.scale)) %+% beta.scaled + y.mean
1 mean((validation$y —ypredi)"2) # output [1] 727.1163

23 # wrong
24 ypredi <— as.matrix(validation[, —101])%+%beta.scaled
>5 mean((validation$y —ypredi)"2) # output [1] 10765.5
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Regression

Conclusion

Linear regression model is scale-invariant to linear
transformations of the data !I'.

'Formal proof: https://math.stackexchange.com/questions/2813060/
linear-regression-proving-that-linear-regression-is-linear-invariant
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