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Outline

1 Regression
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Regression

Feature scaling - Linear regression
Standardization (Z-score Normalization)

Let D = {(x i , yi ) ∈ X × Y ⊆ Rp × R}ni=1 be a training data.
Given the regression model:

yi = β0 + βTx i + εi ⇐⇒ y = 1β0 + Xβ + ε
y1

y2
...
yn

 =


1 x11 x12 · · · x1p

1 x21 x22 · · · x2p
...

...
...

. . .
...

1 xn1 xn2 · · · xnp



β0

β1
...
βp

+


ε1

ε2
...
εn


However, we want fit the following regression model

ỹi = β̃0 + β̃T x̃ i + εi

with the normalized data N = (ỹi , x̃i )
n
i=1.
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Regression

Feature scaling - Linear regression
Standardization (Z-score Normalization)

Applying the standardization (z-score)

x̃ij =
xij − x j
σxj

x j =
1

n

n∑
i=1

xij σxj =
1

n

n∑
i=1

(xij − x j)
2


ỹ1

ỹ2
...
ỹn

 =


0 x̃11 x̃12 · · · x̃1p

0 x̃21 x̃22 · · · x̃2p
...

...
...

. . .
...

0 x̃n1 x̃n2 · · · x̃np



β̃0

β̃1
...

β̃p


The optimal solution of the previous regression model is: ̂̃β = {̂̃β1, . . . ,

̂̃βp}T

How do we obtain the prediction of a new instance (not normalized)

xn+1 =⇒
?

yn+1
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Regression

Feature scaling - Linear regression
Standardization (Z-score Normalization)

Thus, the fitted model with the optimal solution is:

ỹn+1 = ̂̃βT

x̃n+1

yn+1 − y

σy
= ̂̃βT

(
xn+1 − x

σx

)
yn+1 = ̂̃βT

(
xn+1 − x

σx

)
∗ σy + y

where x = {x1, . . . , xp}, σx = {σx1 , . . . , σxp}, and σy = 1
n

∑n
i=1(yi − y j)

2
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Regression

Prédicteurs centrées et réduites
Code in R

yi = β̃T x̃ i + εi

1 s e t . s e e d ( 3 6 )
2 rm ( l i s t = l s ( ) )
3

4 # r e a d i n g data
5 data <− r e a d . t a b l e ( ’ data /TP4 a19 r e g app . t x t ’ )
6 i d x . t r a i n <− sample ( nrow ( data ) , s i z e=nrow ( data )∗ 0 . 9 , r e p l a c e=F )
7 v a l i d a t i o n <− data [− i d x . t r a i n , ]
8 t r a i n i n g <− data [ i d x . t r a i n , ]
9

10 # mode l ing w i t h lm
11 f e a t u r e s <− p a s t e ( ”+ s c a l e ( ” , names ( t r a i n i n g ) [ −101] , ” ) ” , sep=”” , c o l l a p s e

= ” ” )
12 f o r m u l e <− p a s t e ( ” y ˜ 1 ” , f e a t u r e s )
13 model . f i t <− lm ( as . f o r m u l a ( f o r m u l e ) , data=t r a i n i n g )
14

15 # p r e d i c t i o n
16 y p r e d i <− p r e d i c t . lm ( model . f i t , newdata=v a l i d a t i o n )
17 mean ( ( v a l i d a t i o n $ y −y p r e d i ) ˆ2) # MSE = 727.1163
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Regression

Prédicteurs et réponses centrées et réduites
Code in R

ỹi = β̃T x̃ i + εi

1 s e t . s e e d ( 3 6 )
2 rm ( l i s t = l s ( ) )
3

4 # r e a d i n g data
5 data <− r e a d . t a b l e ( ’ data /TP4 a19 r e g app . t x t ’ )
6 i d x . t r a i n <− sample ( nrow ( data ) , s i z e=nrow ( data )∗ 0 . 9 , r e p l a c e=F )
7 v a l i d a t i o n <− data [− i d x . t r a i n , ]
8 t r a i n i n g <− data [ i d x . t r a i n , ]
9

10 # mode l ing w i t h lm
11 f e a t u r e s <− p a s t e ( ”+ s c a l e ( ” , names ( t r a i n i n g ) [ −101] , ” ) ” , sep=”” , c o l l a p s e

= ” ” )
12 f o r m u l e <− p a s t e ( ” s c a l e ( y ) ˜ −1 ” , f e a t u r e s )
13 model . f i t <− lm ( as . f o r m u l a ( f o r m u l e ) , data=t r a i n i n g )
14 y . mean <− mean ( t r a i n i n g [ , 1 0 1 ] )
15 y . sd <− sd ( t r a i n i n g [ , 1 0 1 ] )
16

17 # p r e d i c t i o n
18 y p r e d i <− p r e d i c t . lm ( model . f i t , newdata=v a l i d a t i o n )
19 y p r e d i <− y . sd∗ y p r e d i + y . mean
20 mean ( ( v a l i d a t i o n $ y − y p r e d i ) ˆ2) # MSE = 727.1163
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Regression

Code in R

1 # r e a d i n g data
2 data <− r e a d . t a b l e ( ’ data /TP4 a19 r e g app . t x t ’ )
3 i d x . t r a i n <− sample ( nrow ( data ) , s i z e=nrow ( data )∗ 0 . 9 , r e p l a c e=F )
4 v a l i d a t i o n <− data [ i d x . t r a i n , ]
5 t r a i n i n g <− data [− i d x . t r a i n , ]
6

7 # s c a l e d data
8 t r a i n . s c a l e d <− s c a l e ( t r a i n i n g )
9 X <− as . m a t r i x ( t r a i n . s c a l e d [ , −101])

10 y <− t r a i n . s c a l e d [ , 1 0 1 ]
11 b e t a . s c a l e d <− s o l v e ( t (X)%∗%X)%∗%t (X)%∗%y
12 x . means <− as . v e c t o r ( a t t r ( t r a i n . s c a l e d , ” s c a l e d : c e n t e r ” ) ) [−101]
13 x . s c a l e <− as . v e c t o r ( a t t r ( t r a i n . s c a l e d , ” s c a l e d : s c a l e ” ) ) [−101]
14 y . mean <− as . v e c t o r ( a t t r ( t r a i n . s c a l e d , ” s c a l e d : c e n t e r ” ) ) [ 1 0 1 ]
15 y . s c a l e <− as . v e c t o r ( a t t r ( t r a i n . s c a l e d , ” s c a l e d : s c a l e ” ) ) [ 1 0 1 ]
16

17 # p r e d i c t i o n
18 x . mean . t r a i n <− m a t r i x ( r e p ( x . means , nrow ( v a l i d a t i o n ) ) , n c o l =100 , byrow = T)
19 X t i l d e <− y . s c a l e ∗ ( v a l i d a t i o n [ , −101] − x . mean . t r a i n )
20 y p r e d i <− t ( a p p l y ( X t i l d e , 1 , ”/” , x . s c a l e ) ) %∗% b e t a . s c a l e d + y . mean
21 mean ( ( v a l i d a t i o n $ y −y p r e d i ) ˆ2) # output [ 1 ] 727.1163
22

23 # wrong
24 y p r e d i <− as . m a t r i x ( v a l i d a t i o n [ , −101])%∗%b e t a . s c a l e d
25 mean ( ( v a l i d a t i o n $ y −y p r e d i ) ˆ2) # output [ 1 ] 10765.5
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Regression

Conclusion

Linear regression model is scale-invariant to linear
transformations of the data !!1.

1Formal proof: https://math.stackexchange.com/questions/2813060/
linear-regression-proving-that-linear-regression-is-linear-invariant
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